In this paper, we expand the class of nondegenerate two-point boundary value problems for the SturmLiouville equation, which have a complete system of eigenfunctions and associated functions in special function spaces. Such spaces depend on the length of support of the potential of the Sturm-Liouville equation. The formulated results clarify well-known results of V.A. Marchenko. Two-point boundary value problems for the Sturm-Liouville equation are divided into degenerate and nondegenerate boundary conditions in the sense of V.A. Marchenko. The main result of V.A. Marchenko asserts that systems of eigenfunctions and associated functions of nondegenerate boundary value problems for the Sturm-Liouville equation form a complete system of functions in the space of square-summable functions. In this paper, the result of V.A. Marchenko is clarified in the following direction. There are operators with a complete system of eigenfunctions and associated functions in the space of square-summable functions among the degenerate boundary value problems in the sense of V.A. Marchenko. The presence of the completeness property depends on the length of support of the measure which is antisymmetry to the potential of the Sturm-Liouville equation.
Introduction
Let n = 2µ and let us consider a self-adjoint differential expression on the interval 
+ p µ y, where p 0, · · · , p µ are sufficiently smooth functions. Let us given a system of linear functionals {U 1 , · · · , U n }. Let B p denote the operator generated by the differential expression l(·) and boundary conditions U j (y) = 0, j = 1, · · · , n.
In this paper, we study the question: how do coefficients p 0, · · ·, p µ of the operator B p influence the structure of the spectrum of the operator and the completeness of the system of root functions in L 2 (0, 1)?
As usual, we introduce the fundamental system of solutions {y 1 (x, λ), · · · , y n (x, λ)} of a homogeneous differential equation l (y) = λ · · · y(x) with initial conditions y (j−1) k (0) = δ jk . Denote by ∆ P (λ) the characteristic determinant of the operator B p , which is given by the following formula
It is well known that ∆ P (λ) is an entire function of exponential type by a parameter λ. Zeros of the entire function ∆ P (λ) uniquely characterize the spectrum of the operator B p . If λ s is a eigenvalue of the operator B p with multiplicity m s , then λ s is a zero of ∆ P (λ) with multiplicity m s . Inverse statement is also true.
Basically, zeros of an entire function ∆ P (λ) can be represented as: -empty set; -finite nonempty set; -a countable set without end points; -the set coinciding with the complex plane. The first case is realized when the operator B p corresponds to the Cauchy problem. Note that, there are examples of operators with an empty spectrum even it is given with boundary conditions
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Вестник Карагандинского университета Р е п о з и т о р и й К а р Г У which is not the Cauchy conditions. Operators with an empty spectrum are often called Volterra operators.
Examples of the Volterra operators representing three-point boundary value problems for second-order differential operators can be found in the work of S.A. Dzhumabaev, D.B. Nurakhmetov [1] . However, there are still no examples of differential operators with nonempty finite spectrum. It is proved that if the spectrum of the operator B p represents a nonempty finite set, then its power is not greater than µ. In the case of n = 2. T.Sh. Kalmenov and A. Shaldanbayev [2] proved that there is no boundary value problem with a nonempty finite spectrum.
When the spectrum of the operator B p is a countable set without finite limit points, then the operator B p is said to have a discrete spectrum. Operators with discrete spectrum occur frequently.
More rarely, there are operators with a spectrum that coincides with the whole complex plane. Similar examples of two-point boundary value problems for higher order differential operators were given in [3] .
A detail investigation of the second order differential operators with two-point boundary conditions were studied in the monograph by V.A. Marchenko [4] . The main result of [4] that interests us is that there nondegenerate two-point boundary conditions for a second order differential equation were selected and also it was proved the completeness of the corresponding system of root functions in L 2 (0, 1).
In this work, it is clarified the result of V.A. Marchenko. We select operators from the class of degenerate boundary conditions for a second order differential equation which have complete system of root functions in a special functional space.
2 Two-point boundary value problems for the Sturm-Liouville equation
Consider an eigenvalue problem
with boundary conditions
where q(x) is a summable function on (0, 1), a ij are complex numbers. The boundary conditions are identified using the matrix A = a 11 a 12 a 13 a 14 a 21 a 22 a 23 a 24 , rank(A) = 2.
We will denote by A ij the minor of the matrix A composed of columns with numbers i and j. We also introduce the functionq
The difference q (x) −q (x) is denoted by Q(x). It is clear that
We introduce solutionsĉ (x, λ) ,ŝ (x, λ) of a homogeneous equation
with Cauchy conditionsĉ
Similarly, we introduce the solutions c (x, λ) , s (x, λ) of the homogeneous equation
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It is easy to verify that for all 0 < x < 1 the following relations are truê
It can also be understood that for all 0 < x < 1 integral equations are valid
The characteristic determinant is given by the formula
Similar to the work of V.A. Marchenko [4] , let us formulate a statement in the case of a symmetric potentialq (x). Lemma 1. We have
We now write the representation of the characteristic determinant in the case of an arbitrary potential. Lemma 2. The following formula holds
It follows from the result of V.A. Marchenko that the matrix A defines nondegenerate boundary conditions if at least one of the following conditions hold:
A 24 = 0. A 24 = 0, A 14 + A 32 = 0. A 24 = 0, A 14 + A 32 = 0, A 31 = 0 and the system of eigenfunctions and associated functions of the Sturm-Liouville problem represents a complete system in the space L 2 (0, 1).
Let matrix A define degenerate boundary conditions, i.e. 
Since rankA = 2, it follows that A 12 = 0. Hence, for A 12 = 0, it follows from the last relation that
for some θ.
In the case of degenerate boundary conditions, it is necessary to investigate completeness of the system of root functions in L 2 (0, 1). As in [4] , we introduce the solutions of a homogeneous equation
by formulas
The following representations are also useful c (t, λ) s (t, λ) c (x, λ) s (x, λ) Q (t) a 11 ĉ (t, λ)ŝ (t, λ) −ĉ (0, λ)ŝ (0, λ) − a 12 ĉ (t, λ)ŝ (t, λ) c (0, λ) −ŝ (0, λ) dt.
Main result: Let r = max x∈suppQ > 1 2 and A 24 = 0, A 14 + A 32 = 0, A 31 = 0.
The system of eigenfunctions and associated functions of the two-point boundary value problem for the Sturm-Liouville equation is complete in the space L 2 ( 1 2 − r, 1 2 + r). The proof of the main result is carried out by the method of V.A. Marchenko [4] with the involvement of some modifications.
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